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SOME GENERALIZATIONS OF INTEGRAL INEQUALITIES 
AND THEIR APPLICATIONS 


MUSTAFA GURBUZ AND ABDULLAH YARADILMI§ 

Abstract. In this paper, an integral identity for twice differentiable functions 
is generalized. Then, by using convexity of \f"\ or \f"\ q and with the aid 
of power mean and Holder’s inequalities we achieved some new results. We 
also gave some applications to quadrature formulas and some special means. 
Therewithal, by choosing a = ^ in our main results, we obtained some findings 
in [13]. 


1. INTRODUCTION 


We shall recall the definitions of convex functions: 

Let I be an interval in R. Then /:/—»• R is said to be convex if for all x, y G I 
and all a G [0,1], 


(i.i) 


/ {ax + (1 ~a)y) < af (x) + (1 - a) f (y) 


holds. If (1.1) is strict for all x ^ y and a € (0,1), then / is said to be strictly 
convex. If the inequality in (1.1) is reversed, then / is said to be concave. If it is 
strict for all x ^ y and a G (0,1), then / is said to be strictly concave. 

The following inequality is called Hernhte-Hadamard inequality for convex func¬ 
tions: 

Let / :ICl->lbea convex mapping defined on the interval / of real numbers 
and a,b € I with a < b. The following double inequality: 


b 



( 1 . 2 ) 


a 


is known in the literature as Hadamard inequality for convex mapping. Note that 
some of the classical inequalities for means can be derived from (1.2) for appropri¬ 
ate particular selections of the mapping /. Both inequalities hold in the reversed 
direction if / is concave. 

It is well known that the Hermite-Hadamard’s inequality plays an important 
role in nonlinear analysis. Over the last decade, this classical inequality has been 
improved and generalized in a number of ways; there have been a large number of 
research papers written on this subject, (see, [1]-[12]) and the references therein. 

In [13], Sarikaya et. al. established inequalities for twice differentiable convex 
mappings which are connected with Hadamard’s inequality. They used the following 
lemma and proved next two theorems: 
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Lemma 1. Let I C R be an open interval, a,b £ I with a < b. If f : I R is 
a twice differentiable mapping such that f" is integrable and 0 < A < 1. Then the 
following identity holds: 

(1.3) 

b 1 

(A-l)/(^^)-A '^ a ^'^ +^~ J f{x)dx = (b- a) 2 J k(t)f"(ta+{l-t)b)dt 


k(t) = 


t(t- A)/2, 


0<t<l/2 


X-t)/2, l/2<t<l. 


Theorem 1. Let I C R be an open interval, a,b € I with a < b and f : I R be 
a twice differentiable mapping such that f"is integrable and 0 < A < 1. If\f"\ is a 
convex on [a, b ], then the following inequalities hold: 

(1.4) 

i\ + \ ,f( a ) + f(b) , 1 f b ^ ^ 

(A - !)/( — ) - A- g - + — a f(x)dx 


[(V + (1 + A) (1 - A ) 3 + |/" (o)| 

<< + (a 4 + (2-A)A 3 + ^^)|/"(&)| , 

_ ( 6 ~ a) 2 4 g 3A ~ 1} i\f"(a)\ + \rm 


for 0 < A < i 


for \ < A < 1. 


Theorem 2. Let I C R. be an open interval, a,b £ I with a < b and f : I —> M be 
a twice differentiable mapping such that f"is integrable and 0 < A < 1. If \f"\ q is 
a convex on [a, 6], q > 1, then the following inequalities hold: 

(1.5) 

i \ ^ t ( a + b \ ^f( a ) + f( b ) , 1 f b t , w 
(A - D/(—) - A-j- + — a f. fix)dX 


(b-af / A 3 1 — 3A 
2 l 3 + 24 


+ ^_ ^1 I f"(a)\ q ■ 

6 + 3 x 2 6 U 1 )l 




^ ^ + T^l + fu + f^l W) . M 0 < A < A 


(b — a) 2 /3A- 1\ 1_ < 


(y i/»r+i /"wr 


irwr+irwr 


for 5 < A < 1, 
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where ^ ^ = 1 . 

For some recent results connected with twice differentiable functions, see ([13]- 
HiJ). 

In this paper, we achieved an integral identity for twice differentiable functions. 
Then, by using convexity of |/"| or \f"\ q we achieved some new results. We also 
gave some applications to quadrature formulas and some special means. 

2. MAIN RESULTS 

In order to prove our theorems we need following Lemma: 

Lemma 2. Let / :lcl-> R lie a twice differentiable mapping on 1° such that 
£ L[a,b\, where a,b € I with a < b and a, A € [0,1]. Then the following 
equality holds: 

r b 

I dx 


( 2 . 1 ) 


(6 - a) ^a - ^ /' ((1 - a) b + aa) - J f(x)< 

+ (1 - A) / ((1 - a) b + aa) + A (a/ (a) + (1 - a) / ( 6 )) 
{b — a ) 2 ^ 

/o 


f k{t) f" {tb + (1 — t) a) dt 

J o 


where 


k{t) = 

Proof. We note that 
I = 


2 aA t. — t 2 , 0 < £ < 1 — a 

(1 — £) (£ — 1 + 2A (1 — a)), 1 — a < £ < 1 . 


/»1 — O' 

/ (2aAf — £ 2 ) /" (£6 + (1 — t) a) dt 
Jo 

+ I (1 — t)(t— 1 + 2A (1 — a)) f" {tb + (1 — t) a) dt. 

Jl~a 


Integrating by parts, we get 


I = (2a\t — t 2 ) 


f {tb + (!-£) a) 


1 —Oi 


/»1 — ot 

/ (2aA-2 1) 

Jo 


b — a 


f {tb + (!-£) a) 


b — 


dt 


(1 — t) {t — 1 + 2A (1 — a)) f {tb + (! — £) a) 


- [ 2 (1 — £ — A (1 — a)) 

Jl-a 

(^2aX (1 — a) — (1 — a) 2 ^j 

— (a (—a + 2A (1 — a))) 


(b~a) 

f {tb +(! — £) a) 
b — a 

2 \ f ((1 -a)b + aa) 
b — a 
f ((1 — a) b + aa) 
b — a 


1 —a 


dt 


£ a (aA — £) f {tb +(! — £) a) dt 


b - a [ + /, (1 - £ - A (1 - a)) f {tb +(!-£) a) dt 
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By simple calculation we have 

f ((1 — a)b+ aa) 
b — a 



(q-A - t) |* ° _ fi~ a -f(th+(i-t)a) dt 


= (2a - 1 ) 


b-a ) + (i _ t _ A(1 — a)) _ £ zJm^±A dt 

1—a 

/' ((1 — a) b + aa) 


b — a 


= (2a - 1 ) 


2 f (aA - 1 + a) ~^+ 

b-a\ - ( a _ A (1 - a)) /((1 ~ h ‘l>^+ ao) + m+ b ( _}~ t)a) dt 

f ((1 — a) b + aa) 


b — a 


(1 — A) / ((1 — a) b + aa) 


(b - a) 2 \ +X (af (a) + (1 - a) f (b)) - f (tb + (1 - t) a) dt 

By change of variable x = tb + (1 — t) a and multiplying both sides with we 

get the desired result. □ 


Theorem 3. Let / :/ cR->Rka twice differentiable mapping on 1° such that 
f, f, f" € L [a, b], where a,b £ I with a < b and a, A € [0,1], If |/"| is convex on 
[a, b ], then the following inequalities hold: 


( 2 . 2 ) 


(b - a) (a - \) f ((1 - a) 6 + aa) - ^ f* f (x) dx 
+ (1 - A) / ((1 - a) b + aa) + A (af (a) + (1 - a) / ( b)) 


L {(7i + Ah) I/" (b)\ + (72 + Ah) I/" ( a )l> , 
^ {(7i + Ah) I/" (b) I + (72 + Ah) I/" (a)|} , 1 
^ {(73 + Ah) I f" (b) | + (74 + Ah) I/" (a)\} , 1 
, ^ {(73 + Ah) I/" (6)1 + (74 + Ah) I/" (o)|} , 


2aA < 1 - a < 1 - 2A(1 - a) 
a > max {2aA, 1 — 2A (1 — a)} 
a < min {2aA, 1 — 2A (1 — a)} 
1 - 2A (1 - a) < 1 - a < 2aA, 


where 

71 

72 

73 

74 


- (aA) + (1 — a) 3 


1 — a 2a\ 

— 3~~ 


(aA) 3 (1 — aA) + (1 — a) 2 


2aA (1 — a) 3 (1 - a) 4 


1 — a (1 — a) 2aA (1 — a) 

—— — aA —---h-- 


(1 — af 


aA — 


1 — a 2a\ (1 — a) (1 — a) 
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/i-L = — (1 — a ) 3 A 3 (1 — A (1 — a)) — — (a — 2A (1 — a )) 2 a (3a — 4) — 4A (1 — a) 2 (1 — A) 

^ (1 — a ) 4 A 4 + ^ (a — 2A (1 — a )) 2 [a 2 (4A 4 — 4A + 3) + 4aA (1. — 2A) + 4A 2 ] 

/i 3 = — (1 — a ) 3 A 3 (1 — A (1 — a)) + — (a — 2A (1 — a )) 2 a (3a — 4) — 4A (1 — a) 2 (1 — A) 

^ (1 — a ) 4 A 4 — (a — 2A (1 — a )) 2 [a 2 (4A 4 — 4A + 3) + 4aA (1 — 2A) + 4A 2 ] . 

Proof. By using Lemma 2, properties of absolute value and using convexity of |/"| 
we have, 

(b -a) (a - §) /' ((1 - a) b + aa) - ^ f ( x ) dx 

+ (1 — A) / ((1 — a) b + aa) + A (af (a) + (1 — a) f (b)) 

< -— ^ ^ {/ t\2a\ — t\\f" (tb + (1 — t) a)\dt 

+ (1 — £) |1 — 2A (1 — a) — t\ \ f" (tb + (! — £) a)| df| 


(b~a) 


t |2aA — t\ (t \f" (b)\ + (!-£) I/" (a)\)dt 


+ f (1 - t) |1 - 2A (1 - a) - t\ (t I/" (6)| + (1 - £) | f" (o)|) df} 

= “ | 2 «A - t\ (t 2 \f" (6)| +t(l-t) |/" (a)|) dt 

(2.3) + £ |1 — 2A (1 — a) — t\ (t (1 — t) |/" (6)| + (1 — t) 2 \ f" (a)|) d£ |. 


Hence by simple calculation 


/ |2aA — t\ (t 2 \ f" ( 6 )| + £ (1 — £) \ f" (a)|) dt 
Jo 

f 7il/"(&)l+72l/"(a)l, 2aA < 1 — a 
1 73 I/" (^)i + 74 I/" («)i 5 2aA >1 — 0 ; ’ 


8 .4 , h 3 (1-a 2aA\ 

3 <" a) +(1 ^ a) (—- T) 

8 . . 3 . . . 2 I" 1 — x (1 — a) 2 2aA (1 — a) 

-(aA) 3 (l-aA) + (l-a ) 2 — ~ aA - 1 4 > +-L- L 

2aA(l -af (1-a ) 4 


2 1-a 2aA (1 — a) (1-a)" 

(l-°) -3-+ —— 
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(2.5) |1 — 2A (1 — a) — t\ (t (1 — t) \f" (b)\ + (1 — t) 2 \f" (a)|) dt 

/ Mil/"(fr)l+M 2 l/"( a )l> l-a< l-2A(l-a) 
l M3 I/" ( & )l + M4 I/" («)l. l-a> l-2A(l-a) ’ 


p Y = — (1 — a) 3 A 3 (1 — A (1 — a)) — — (a — 2A (1 — a)) 2 a (3a — 4) — 4A (1 — a) 2 (1 — A) 
p 2 = ^ (1 — a) 4 A 4 + ^ (a — 2A (1 — a)) 2 [a 2 (4A 4 — 4A + 3) + 4aA (1 — 2A) + 4A 2 ] 


1 


Ms = -(1-a) A (l-A(l-a)) + — (a-2A(l-a)) 


:(3a-4)-4A(l-a) 2 (l-A) 


p 4 = ^ (1 — a) 4 A 4 — ^ (a — 2A (1 — a)) 2 [a 2 (4A 4 — 4A + 3) + 4aA (1 — 2A) + 4A 2 ] . 
Thus, using (2.4) and (2.5) in (2.3), we obtain (2.2). This completes the proof. □ 


Theorem 4. Let / :/ Ct->16ea twice differentiable mapping on 1° such that 
/, /', f" € L [a, b ], where a,b £ I with a < b and a,X € [0,1]. If \ f"\ q is convex on 
[a, b ], for q > 1, the following inequalities hold: 


( 2 . 6 ) 


(b -a) (a - \) f ((1 - a) b + aa) - ^ / a & / (x) dx 
+ (l-X)f((l-a)b + aa) + A (af (a) + (1 - a) f ( b )) 


( b-a ) 2 

T i _ ^(71 \f" (b)\ q + 7 2 \ f" (a)| 9 ) ’ 

2 

+Z 1 - 1 * (b)\ q + p 2 \f" (a)\ q Y . 

(b-a) 2 

r\~\(li\f"(b)\ q + l 2 \f"(a)\ q )^ 

2 

. +z 2 ~« M" (b)\ q + v 4 \f" (a)\ q y _ 

(b-a) 2 

T 2 ~ 1 \(lz\f"(b)\ q + lA \f"(a)\ q Y 

2 

. +Z 1 -' (mi \ f" (b)\ q + M 2 \f" ( a )l ? ) ’ . 

(b-a) 2 

r 2 ~\hs\f"(b)\ q +l 4 \f"(a)\ q )' 

2 

k 

. +4'UmsI/"(6)| 9 +M4| f"(a)\T* . 


where 


2aX < 1 - a < 1 - 2A(1 - a) 


1 — a > max {2aA, 1 — 2A (1 — a)} 


1 — a < min {2aA, 1 — 2A (1 — a)} 


1 - 2A(1 - a)< 1 - a < 2aX, 


ti = | (aA) 3 + (1 - a) 2 ^ ux'j 

t 2 = (1 — a) 2 ^aA — — 


Zi = — (1 — a) 3 A 3 + — (a — 2A (1 — a)) 2 (a (1 — A) + A) 

O O 

z 2 = — (1 — a) 3 A 3 — - (a — 2A (1 — a)) 2 (a (1 — A) + A) 


and 
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7 , and n i (i = 1,2, 3,4) are defined as in Theorem 3. 


Proof. Suppose that q > 1. From Lemma 2 and using well known power mean 
inequality, we have 

0 - a) (a - i) /' ((1 - a) b + aa) - ^ / Q b f (x) dx 
+ (! - A) / ((1 - a)b + aa) + A ( af (a) + (1 - a) f (b)) 


(b~ a) 


2 s /» 1 —ol 

|2aAf — t 2 | |/" (t 6 + (1 — f) a) | dt 


+ |(1 - t) (1 - 2A (1 - a) - t)| |/" (tb + (1 — t) a)| dt j 


(b~ a ) 


2 r / ,i-c 


2a\t — t 2 dt 


( / |2aAt — t 2 | |/" (tb + (1 — t) a )] 9 dt 


+ yj |(1 — t) (1 — 2A (1 — a) — f)| dt 


x yj |(1 — t) (1 — 2A (1 — a) — f)| |/" (tb + (1 — t) a)p dt 

By using convexity of \f"\ q we know that 

I f”(ta + (1 - t)b)\ q < 1 1 f"(a)\ q + (1 - t) \f"(b)\ q . 


So we have 


(b -a) (a - \) f ((1 - a) 6 + an) - ^ J* f (x ) dx 


+ (1 — A) / ((1 — a) b + aa) + A (af (a) + (1 — a) f (b)) 


|2aA - t\ (t 2 \f" (b)\ q +t(l-t) |/" (a)| 9 ) dt 


(2.7) + (L (1 — t) |(1 — 2A (1 — a) — t )| dtj 

X (/^ 1(1- 2A (1 - a) - ^ (* - *) \f" ^ + (! - I/" «) 


Hence, by simple computation 


t | 2 aA — t\ dt = 


ri, 2 aA < 1 — a 


t 2 , 2aA > 1 — a 
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ti = | (a\f + (1 - af 

t 2 = (1-a) 2 

( zi, 1 — 2A (1 — a) > 1 — a 
(2.9) / (l-t)\(l-2X(l-a)-t)\dt= l 

-' 1_a Z' 2 - 1 — 2A (1 — a) < 1 — a 

z\ = — (1 — a) 3 A 3 + - (a — 2A (1 — a)) 2 (a (1 — A) + A) 

o o 

^2 = ^ (1 - a) 3 A 3 - i (a - 2X (1 - a)) 2 (a (1 - A) + A) 


(2.10) f 1 “ |2aA - t\ ( t 2 |/" ( b)\ q + t (1 - t) |/" (a)| 9 ) dt 
Jo 

j 7i \f" (b)\ 9 + 7 2 \f" (a)\ q , 2aA < 1 — a 

1 7 3 \f" (b)\ 9 + 7 4 \ f" i a )\ 9 > 2aA > 1 — a 

and 7 l5 7 2 , 73 , 74 are defined as in Theorem 3. 

(2.11) £ |(1 - 2A (1 - a) - t)\ (t (1 - t) | /" ( b)\ q + (1 - tf |/" (a)| 9 ) dt 

j di\r m q + th\f" {a)\\ 1 — a < 1 — 2A (1 — a) 

1 Msl/'W + M/'W, 1 — a > 1 — 2A (1 — a) 

and (U l7 /z 2 , ^ 3 , /x 4 are defined as in Theorem 3. Thus, using (2.8)-(2.11) in (2.7), 
we get (2.6). So the proof is completed. □ 


Theorem 5. Let / :/ cK->Riea twice differentiable mapping on 1° such that 
/, f, f" € L [a, b ], where a,b € I with a < b and a, A £ [0,1]. If \f"\ q is convex on 
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[a, b], for p,q > 1 , ^ ^ = 1 , the following inequalities hold: 


< < 


(■b -a) (a - §) /' ((1 - a) b + act) - ^ f* f ( x ) dx 
+ (1 — A) / ((1 — a) b + aa) + A (a/ (a) + (1 — a) / ( b )) 

' (b—a) 2 [ [eil/" W| 9 + /3(l- a; <Z + 1,2)|/" (a)| 9 ]' 

2 1 +V’[ [/3(a;9 + l,2)|/"(&)| 9 +£ 2 |/"(a)| 9 ] 5 


(b 


^ j <pf [e 1 ir(b)l g + j3(l-a;q + l,2)lf 




+^2 (a; 9 + 1) 2) |/" (fr)| 9 + ^2 I f" {a)\ q 


(b-a) 2 f <P 2 P [^i|/"W| 9 +/3( 1 -a;9 + 1 ) 2 )l/"(a)| 9 r 
2 1 +4 [/3(a;g + l,2)|/"(6)| 9 + £2 |/"(a)| 9 ]^ 


b-a ) 2 j <p$ [£i |/" ( 6)| 9 + /? (1 - a; q + 1 , 2 ) |/‘ 


" r a)\ q ] 


+ V>f \P ( a ; 9 + 1 j 2 ) |/" (&)| 9 + £ 2 |/" ( a )| 9 ] 


2aA < 1 — a < 1 — 2A (1 — a) 


1 — a > max {2aA, 1 — 2A (1 — a)} 


1 — a < min {2aA, 1 — 2A (1 — a)} 


1 -2A(1 - a)< 1- a < 2aX, 


where 


Vi = 

Vi = 


(2aA ) p+1 + (1 — a (1 + 2A )) P+1 

p + 1 

(2aA ) p+1 - (-l ) p+1 (1 - a (1 + 2A )) P+1 

p+ 1 


V’i 

V >2 


(2A (1 - a )) p+1 + (a - 2A (1 - a )) p+1 

p + 1 

(2A (1 - a )) p+1 - (-l ) p+1 (a - 2A (1 - a)) p+1 

p+1 


£i 


£l 


(1 - a) q+ 2 
Q + 2 
a 9+2 
^ + 2 


and /? is incomplete Beta function. 




Since | f"\ q is convex on [a, b\ we can write 

( fo~ a t q (t\f"(b)\* + (l-t)\f"(a)\<)dt)* 

+ (/i_ a |(1 — 2A (1 — a) — t)\ p dt) * 

(iL a (i - t) q (t\r m q + a - *) \r «) dt) lg 

( b-a ) 2 (lo~ a \ 2 ®\ - t\ p dty 

2 _ (l/" (b)\ q fo~ a t q+1 dt + |/" (a)| 9 fg~ a t q (1 — t) dt) ’ 

(2 12) + (fi-a 1(1 - 2A (1 - a) - t)\ p dt) P 

(l f" (b)I 9 Si - a t (1 - t) q dt + |/" (a)l 9 Sl a (1 - ^) 9+1 dt) 1 

Making use of necessary computation 



(2.13) 




ifii, 2a\ < 1 — a 

ip 2 , 2aX > 1 — a 
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(2.14) 


(2aA ) p+1 + (1 — a (1 + 2A )) P+1 

p + 1 

(2a\) p+1 - (-l ) p+1 (1 - a (1 + 2A )) P+1 



1(1 — 2A (1 


a) — t)\ p dt = 


^ i, 


1 — a < 1 — 2A (1 — a) 
1 — a > 1 — 2A (1 — a) 


Vh 

V > 2 


(2A (1 - a )) p+1 + (a - 2A (1 - a )) p+1 

p + 1 

(2A (1 - a )) p+1 - (-l ) p+1 (a - 2A (1 - a )) p+1 

p +1 


(2.15) 

and 

(2.16) 


t q+1 dt = 


(l-«) 


9+2 


f (1 - t ) 9+1 dt 

Jl-a 


Q ~\~ 2 

V ^+2 


Q + 2 


/*! —Q; 

/ t q (l — t)dt = /? (1 — a; g + 1 , 2 ) 

Jo 

f t(l—t) q dt = ft (a; q + 1 , 2 ). 
Jl-a 


where /3 is incomplete Beta function. By using (2.13)-(2.16) in (2.12), we get the 
desired result. □ 


Remark 1. /n our main results, if we choose a = then under attendant as¬ 
sumptions, Lemma 2, Theorem 3 and Theorem 4 reduces to Lemma 1, Theorem 1 
and Theorem 2 in [13], respectively. 


Remark 2. Under the assumptions of Lemma 2, by integrating both sides respect 
to a over [ 0 , 1 ] we get 


_ (b a) f f k (a, t) f" (tb + (1 — t) a) dtda 

2 Jo Jo 

where 

, , , _ J 2 aA t, — t 2 , 0 < t < 1 — a 

k W ~ \ (1 - t) {t - 1 + 2A (1 - a)), 1 - a < t < 1. 


3. Applications to Quadrature Formulas 

In this section we point out some particular inequalities which generalize some 
classical results such as : trapezoid inequality, Simpson’s inequality, midpoint in¬ 
equality. 
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Proposition 1 (Midpoint inequality). Under the assumptions of Theorem 5 with 
Q. = \, A = 0, we get the following inequality: 


1 


< ( b—a) 


b — a , 

1 


/ (x) dx 


2 2 p+ 1 (p+1) J \[2i+ 2 {q + 2) 


\f"(b)\ q + P(^q+l,2)\f"(a" q 


ft ( o!9 + 1 ) 2 ] \ f" (b)\‘ + 


29 + 2 (g + 2 ) 


l/"(a)r 


Proposition 2 (Trapezoid inequality). Under the assumptions of Theorem 5 with 
a = A = 1, we get the following inequality: 


f(a) + f(b) 1 


< (b — a) 


2 b — a 

- af (- 2P+ ' - 1 


/ (a) dx 


V2 2 P+i(p+l) 


2-2+2 (q + 2) 


I f" (b)\ q + ft ( q + 1 , 2 ) |/" (a) 


ft U;s + 1,2 |/»r + 


1 


2 - 2+2 + 2 ) 


i/»r 


Proposition 3 (Simpson inequality). Under the assumptions of Theorem 5 with 
a = 2 i A = 3 , we get t/ie following inequality: 


< 


l [/(«) +4 /+/W * 


1 f b 

- - / /(x)dx 

0 -a J a 

^ (i;«+1,2) irwi^ 2^4^ irwi' 


4. Applications to special means 

We now consider some applications with the following special means 

a) The arithmetic mean: 

A = A (a, b) := —, a, b > 0, 

b) The geometic mean: 

G = G (a, b) := Vab, a, b > 0, 

c) The harmonic mean: 

2 ab 


H = H (a, b): 


a + b 


a, b > 0 , 
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d) The logarithmic mean: 


L = L(a, b) 


a 

b—a 

In b —In a 


if a = b 
if a ^ b 


a, b > 0, 


e) The identric mean: 


if a = b 


I = I (a, b) := 
f) The p— logarithmic mean: 


e \a a I ' 


, a, b > 0, 


L p — Lp (a, 6) :— 


bP+ 1 - a P+ 1 

(p+l)(b~a) 


if a = b 
if a pfc b 


, p £ K\ {—1,0} ; a,b> 0. 


We now derive some sophisticated bounds of the above means by using the results 
at Section 3. 

Proposition 4. Let a, b £ R, 0 < a < b. Then, for all q > 1 and ^ + ^ = 1, we 
have 


A 1 (a,b) — L 1 (a, b) 


< 


(■ b~a) 


1 


1 


< 


kP + 1 / \2 (q + 2 ) 

and 

\H~ 1 (a, b) — L _1 (a, 6 )| 
(&-a) 2 /2P+ 1 - 1\ p ( 1 


E 


9 + 3 


i-1 


9 + 1/ 6 3 « V9 + 1 


9 + 3 


2—i 


1 

a 3 ? 


p + 1 


2(9 + 2 ) 


E 


Q + 3 


z -1 


and 

\ H ~ l (a, 6 ) + 1 (a, 6 ) - I + 1 (a, b) 


< 


(i b-af /2P +1 -1V / 1 


24 V3(p+l)y \2 (9 + 2) 


E 


9 + 3 


9 + 1/ b 3 i \q + l 


9 + 3 


2—i 


1 

a 3 ® 


9 + 1/ 6 3 « V9 + 1 


9 + 3 


1 

a 3 ® 


Proof. The assertions follow from Proposition 1, 2 and 3 applied to convex mapping 
f (x) = -, x £ [a, b] , respectively. □ 

Proposition 5. Let a, b £ R, 0 < a < b. Then, for all 9 > 1 and i 1 = 1, we 
have 


►Q |m 
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|In (A (a, b)) - In (7 (a, 6 ))| 


< 


(b-a) 2 

16 


1 


1 


< 


+ 1/ \2 (g + 2) 

and 

|In (G (a, b)) - ln(J (a,6))| 

(6 — a) 2 / 2 P+1 — 1 


E 

i— 1 


5 + 3 


»-i 


5 + 1 / 6 2 « \ 5 + 1 


5 + 3 


2—i 


1 

O 29 


16 


p +1 


1 


2(5 + 2 ) 


E 


Q 3 


z-1 


and 

i In (G (a, 6 )) + ^ In (A (a, 6 )) - In (J (a, 6 )) 


< 


(b — a) 2 / 2 P+1 - 1 


48 V3(p+l)y \2 (5 + 2 ) 


1 


E 

i=l 


5 + 3 


5 + 1 / 6 2 « \ 5 + 1 


5 + 3 


2-i 


1 

a 2 ® 


5 + 1/ 6 2 « V9+1 


5 + 3 


1 

a 2 ? 


Proof. The assertions follow from Proposition 1, 2 and 3 applied to convex mapping 
/ (x) = ln(a’), x € [a, b\, respectively. □ 

Proposition 6 . Let a, b € M, 0 < a < b. Then, for all 5 > 1, 1 + | = 1 and n € N, 
n > 2 we ftat/e 


< 


K (a, 6 )-L” (a,b) \ 
n (n — 1 ) (b — a) 2 ( 1 


16 


1 


P + 1/ \2 (5 + 2) 


E 


g + 3 V 1 b G-2)q + f g + 3 


5 + 1 


5 + 1 


a 


(n—2)q 


< 


and 

\A(a n ,b n )-m (a, 6 )| 

n (n — 1) (b — a) 2 / 2 P+1 — 1 


16 


P +1 / \2 (5 + 2) 


1 


E 


5+3 

5+1 


b (n-2)q 


< 


and 

\A{a n ,b n ) + %A n (a, b) — L” (a, 6) 


; (n — 1 ) ( 6 - a ) 2 / 2 P + 1 - lV 


48 


3(p + i)y \ 2(5 + 2 ) 


1 


E 

i=l 


5 + 1 


Q + 3 

7+1 


a 


(n- 2 )g 


g + 3 V 1 b (n ~ 2 )q + ( q+3 


5+1 


2 -t 


(n-2)q 


Proof. The assertions follow from Proposition 1, 2 and 3 applied to convex mapping 
/ (a:) = x n , x € [a, b ], respectively. □ 
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